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Inflation in a five-dimensional brane world model with two boundary branes is studied. We
make use of the moduli space approximation whereby the low energy theory reduces to a four-
dimensional biscalar-tensor gravity plus a minimally coupled scalar field. After a detailed analysis
of the inflationary solutions, we derive the evolution equations of the linear perturbations separating
the adiabatic mode from two entropy modes. We then examine the primordial scalar and tensor
power spectra and show that their tilt depends on the scalar-tensor coupling constant. Finally, the
induced CMB anisotropies are computed and we present a Monte Carlo Markov Chains exploration
of the parameter space using the first year WMAP data. We find a marginalized probability bound
for the associated Eddington parameter at the end of inflation 1− γ < 2× 10−3, at 95% confidence
level. This suggests that future CMB data could provide crucial information helping to distinguish
scalar-tensor and standard inflationary scenarios.
PACS numbers: 04.50.+h, 11.10.Kk, 98.80.Cq
I. INTRODUCTION
Although the standard particle physics and cosmo-
logical models in a four-dimensional spacetime provide
an accurate enough description of particle physics ex-
periments and cosmological observations [1], consider-
ing unseen extra dimensions allows one to make theo-
retical progress towards a Unified Theory of all interac-
tions [2, 3, 4, 5, 6, 7]. The advent of M-theory and branes
has led to the “brane world” concept in cosmology. Moti-
vated by the Horˇava–Witten model and its compactifica-
tions [8, 9], brane world models assume that we are living
on a higher dimensional spacetime boundary (brane).
In cosmology, brane worlds have been studied within
the framework of five-dimensional (5D) models and lead
to only a few observable predictions (see Refs [10, 11, 12]
for a review and references therein). Models ranging
from classical membrane theories of General Relativity
to topological defect models have been studied in vari-
ous compact or non-compact, curved or flat, symmetric
or non-symmetric, extra dimensional spacetimes, as well
as their associated deviations, or incompatibilities, with
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respect to the standard cosmology [13, 14, 15, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33,
34, 35, 36, 37, 38]. Definite cosmological predictions re-
main however difficult to extract in the high energy limit
where the universe evolution is strongly affected by the
physical processes occurring in the extra dimensions. On
the other hand, at lower energy scales (typically smaller
than the brane tension) it appears possible to describe
such systems by effective four-dimensional actions.
In the framework of five-dimensional compactifica-
tions of M-theory [39, 40], the moduli space approxi-
mation describes, through a four-dimensional effective
action, a system of two branes of opposite tension em-
bedded in a five-dimensional warped spacetime [41].
Besides the fields living on the positive tension brane
(assumed to be our universe), the moduli associated
with the position of the branes in the fifth dimension
act as two non-minimally coupled scalar fields thereby
leading to an effective biscalar-tensor theory of grav-
ity [42, 43, 44, 45, 46, 47, 48, 49]. Scalar-tensor theo-
ries have been intensively studied as natural extensions
of General Relativity and are strongly constrained in the
solar system [50, 51]. On the cosmological side, there
are (weaker) constraints coming from the Big Bang Nu-
cleosynthesis (BBN) and recent works have been focused
on scalar-tensor effects in the Cosmic Microwave Back-
ground anisotropies (CMB) and in weak gravitational
lensing [52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63]. In
2these works, scalar-tensor theories have been discussed in
the context of the post-inflationary cosmology by quanti-
fying the distortions the non-minimally scalar fields may
induce compared to the pure General Relativity predic-
tions. In fact, even if the cosmological constraints are
currently weaker than the solar-system ones, they are
complementary in the sense that they probe the cosmic
times. This is relevant since it has been shown that
scalar-tensor gravity models can relax towards General
Relativity during the cosmological evolution [64]. As a
result, such models may have no observable impact in
the post-inflationary eras, and in particular in the solar
system, while modifying significantly the dynamics of the
early universe.
On top of probing the post-inflationary eras, the preci-
sion reached by the current CMB experiments allows one
to constrain the shape of the power spectra of the primor-
dial cosmological perturbations. Recast in the inflation-
ary context, this is an opportunity to shed light on the
physics at earlier times and in particular the deviations
scalar-tensor theories may generate during inflation.
In this paper, we are interested in the primordial in-
flationary eras occurring in a boundary inflation model
and their potential observable effects in the CMB, given
the first year Wilkinson Microwave Anisotropies Probe
(WMAP) data [65, 66, 67]. A minimal realistic three-
fields model is considered: two of them being the mod-
uli associated with the position of the branes in the ex-
tra dimension, and the other acts as a standard infla-
ton field living on our brane and coupled to the matter
sector [43, 44, 45, 46, 68]. After a detailed analysis of
the several viable background evolutions, we compute
and discuss the primordial power spectra of the scalar
and tensor perturbations generated during inflation. We
then derive the resulting CMB anisotropies and perform
a Monte Carlo Markov Chain exploration of the parame-
ter space in a regime where the deviations from General
Relativity predictions are dominated by the shape of the
primordial power spectra. By comparing the power spec-
tra induced by the standard chaotic inflaton field alone
and the ones obtained by considering the moduli, we find
that the first year WMAP data can differentiate between
standard chaotic and boundary inflation. In fact, for a
given matter sector, the presence of non-minimally cou-
pled scalar-fields during inflation changes the tilt of the
primordial power spectra due to the running of the con-
formal factor. In our framework, we find the presence of
the moduli statistically disfavored by the data, either as
the WMAP data are insensitive to their effects when they
are weakly coupled, or as they lead to a strongly tilted
power spectra. These effects lead to an upper bound on
the allowed values of the moduli coupling constant during
inflation, which can be recast in terms of the more com-
monly used Eddington post-Newtonian parameter [51]:
1− γ < 2× 10−3. On one hand, this bound holds at the
time of inflation and, according to the above discussion,
provides a very early constraint on scalar-tensor theories.
On the other hand, it relies on the running of the con-
formal factor during inflation as well as the choice of the
matter sector. In particular, one may expect this bound
to be modified, or evaded, with more complicated poten-
tials for the matter fields, or by freezing the running of
the conformal factor at the time where observable cosmo-
logical perturbations were generated. Nevertheless, this
result suggests that the current and future CMB data
can be used to probe scalar-tensor theories as early as
during the inflationary era.
In Sect. II, the boundary inflation model is introduced
and the background inflationary evolutions solved both
analytically and numerically. Sect. III is devoted to the
derivation of the linear perturbations around the back-
ground evolution by means of a separation between the
adiabatic and the two entropy modes. The equations of
motion obtained are solved numerically and used to com-
pute the resulting primordial power spectra at the end of
inflation. In Sect. IV, we use modified versions of the
public CMB codes camb [69] and cosmomc [70], linked
with our inflationary code, to probe the boundary model
parameter space given the WMAP data. Finally, the rel-
evance and the possible improvements of our results are
discussed in the conclusion, and the possibility of using
the CMB to accurately probe scalar-tensor theories in
the early universe is raised.
II. BACKGROUND EVOLUTION
We will focus on the low energy effective theory of 5D
brane world models with a bulk scalar field and matter
living on the positive tension brane. In this context, the
low energy degrees of freedom of the model are the gravi-
ton leading to 4D gravity, the bulk scalar field zero mode
and the inter brane distance, i.e. the radion. One can
also parametrise the two scalar modes as the two brane
positions. In the following we will denote by ϕ and ψ the
two moduli which are related to the brane positions z1
and z2 by
eϕ coshψ =
(
1− 4kbc2wz1
)(2c2w+1)/4c2w ,
eϕ sinhψ =
(
1− 4kbc2wz2
)(2c2w+1)/4c2w , (1)
where kb fixes the energy scale of the brane tensions and
cw is a constant which determines how warped the ex-
tra dimension is [41, 43, 46]. In particular for cw = 0, we
obtain the Randall–Sundrum case. The four-dimensional
(4D) gravitational coupling is related to the 5D gravita-
tional coupling via
κ2 =
(
2c2w + 1
)
kbκ
2
5
. (2)
Using these relations one gets
ϕ =
1
2
ln
[(
1− 4kbc2wz1
)(2c2w+1)/2c2w
− (1− 4kbc2wz2)(2c2w+1)/2c2w] , (3)
3and
tanhψ =
(
1− 4kbc2wz2
1− 4kbc2wz1
)(2c2w+1)/4c2w
. (4)
Notice that ϕ → −∞ and ψ → ∞ when the two branes
collide. On the contrary, ψ → 0 and ϕ → ∞ corre-
spond to the negative tension brane being stuck at the
bulk singularity z2 = 1/4c
2
wkb and the positive tension
brane receding away towards infinity. This situation will
happen during the inflationary evolution.
Denoting by χ the minimally coupled scalar field living
on our brane universe, the effective action in the Einstein
frame, with a metric of (−,+,+,+) signature, reads
S =
1
2κ2
∫ [
R− cp (∂ϕ)2 − cr (∂ψ)2 −W
]√−g d4x
+
∫ [
−1
2
A2 (∂χ)
2 −A4U
]√−g d4x,
(5)
where ϕ and ψ stands for the moduli fields, A(ϕ, ψ) is
the conformal factor, W (ϕ, ψ) the moduli bulk potential
and U(χ) the minimally coupled scalar field potential on
the brane. In the following, we will focus on the minimal
setup of Refs. [43], i.e.
A2(ϕ, ψ) = e−(cp/3)ϕ (coshψ)
cr/3 , W (ϕ, ψ) = 0,
cp =
12c2w
1 + 2c2w
, cr =
6
1 + 2c2w
.
(6)
In terms of the 5D picture, cw parametrises the coupling
of the bulk scalar to the brane. Since the resulting four-
dimensional theory is of multiscalar-tensor kind, it is also
convenient to introduce the first conformal gradient
αϕ ≡ ∂ lnA
∂ϕ
= −cp
6
, αψ ≡ ∂ lnA
∂ψ
=
cr
6
tanhψ. (7)
These are the gravitational couplings of the two mod-
uli. Their present values are constrained by solar system
experiments. Moreover, we will assume a chaotic-like po-
tential for χ
U(χ) =
1
2
m2cχ
2. (8)
In such a setup, the field χ is expected to be coupled to
the observed form of matter and it will be referred to as
the “matter field” in the following. As in the standard
chaotic model, inflation can be driven by χ, but also by
the moduli as discussed in the next section [71].
A. Basic equations
1. Sigma-model formalism
For the sake of clarity it is more convenient to recast
the action (5) in terms of a non-linear sigma-model [50,
64, 72]
S =
1
2κ2
∫ [
R− ℓabgµν∂µFa∂νFb − 2V (Fc)
]√−g d4x,
(9)
the field-manifold being defined through
Fa =

 χ¯ϕ
ψ

 , ℓab =diag (A2, cp, cr) , (10)
where the dimensionless scalar field χ¯ = κχ has been in-
troduced. From Eq. (6), the fields evolve in the potential
V = κ2A4U. (11)
In the following, it will be implicitly assumed that the
Latin indices {a, b, c, d} refer to the field-manifold. Differ-
entiating the action (9) with respect to the metric leads
to the Einstein-Jordan equations
Gµν = Sµν , (12)
with the source terms
Sµν = ℓabSabµν − gµνV, (13)
where
Sabµν = ∂µFa∂νFb −
1
2
gµν∂ρFa∂ρFb. (14)
Similarly, the fields obey the Klein-Gordon-like equation
Fc + gµνΥcab∂µFa∂νFb = V c, (15)
where Υ denotes the Christoffel symbol on the field-
manifold
Υcab =
1
2
ℓcd (ℓda,b + ℓdb,a − ℓab,d) , (16)
and V c should be understood as the vector-like partial
derivative of the potential
V c = ℓcdVd = ℓ
cd ∂V
∂Fd . (17)
2. Equations of motion
In a flat Friedman–Lemaˆitre–Robertson–Walker
(FLRW) Universe with metric
ds2 = gµνdx
µdxν = a2(η)
(−dη2 + δijdxidxj) , (18)
η being the conformal time, the equations of motion (12)
and (15) simplify to
3H2 = 1
2
ℓabFa′Fb′ + a2V, (19)
2H′ +H2 = −1
2
ℓabFa′Fb′ + a2V, (20)
Fc′′ +ΥcabFa′Fb′ + 2HFc′ = −a2V c, (21)
4where a prime denotes differentiation with respect to the
conformal time andH is the conformal Hubble parameter
H = a′/a. In the Einstein Frame, the “new terms” com-
pared to minimally coupled scalar multifield inflationary
models are encoded in the sigma-model metric ℓab and
the Christoffel symbols Υcab.
Since we are interested in inflationary behaviour, it
is more convenient to work in terms of an “efold” time
variable
n = ln
(
a
aini
)
. (22)
Apart from being the relevant physical time quantity dur-
ing an inflationary era, when expressed in terms of n, the
field equations can be decoupled from the metric evolu-
tion [50, 64, 73, 74, 75] and Eqs. (19) to (21) separate
into
H2 =
V
3− 1
2
σ˙2
, (23)
H˙
H
= −1
2
σ˙2, (24)
F¨c +ΥcabF˙aF˙b
3− 1
2
σ˙2
+ F˙c = −V
c
V
. (25)
The dot denotes differentiation with respect to n, the
physical Hubble parameter is H = H/a, and the field
velocity (in efold time) on the manifold is
σ˙ =
√
ℓabF˙aF˙b. (26)
This is the derivative of the so-called adiabatic field. In-
deed, differentiating Eq. (24) and using Eq. (25) yields
the standard second order differential equation for the
adiabatic field σ, i.e. in conformal time [76, 77]
σ′′ + 2Hσ′ + a2ιcVc = 0, (27)
where ιa are unit field-vectors along the classical trajec-
tory
ιa ≡ F
a′
σ′
=
F˙a
σ˙
. (28)
As mentioned above, the fields evolution is decoupled
from the Hubble flow and Eq. (25) mimics the evolu-
tion of a “particle” of variable inertia 1/(3− σ˙2/2) on a
curved manifold in presence of friction and an external
force −V c/V [50, 64]. From Eqs. (6) and (8) one gets
V ϕ
V
= 4αϕ = −2
3
,
V ψ
V
= 4αψ =
2
3
tanhψ,
V χ¯
V
=
1
A2
Uχ¯
U
=
1
A2
2
χ¯
,
(29)
while the only non-vanishing sigma-model Christoffel
symbols are
Υχ¯χ¯ϕ = αϕ, Υ
ψ
χ¯χ¯ = −A2αψ,
Υχ¯χ¯ψ = αψ , Υ
ϕ
χ¯χ¯ = −A2αϕ,
(30)
where lowering and raising indices on the first conformal
gradients is performed with the field-manifold metric ℓab.
The fact that the effective potential for the fields is ln(V )
ensures that the evolution of the fields in efold time is in-
dependent of any multiplicative constant appearing in
the definition of the matter potential U , as mc in the
chaotic-like potential we are interested in [see Eq. (8)].
Obviously, mc still fixes the normalisation of the Hub-
ble parameter in Eq. (23) and is directly related to the
amplitude of the power spectrum of linear perturbations.
From Eqs. (25) and (29), we can draw the qualitative
evolution of the fields. Starting from reasonable initial
conditions, i.e. σ˙2 < 6 [see Eq. (23)], the friction terms
will tend to produce a stationary regime in which the
fields relax toward the minimum of the potential ln(V ).
For instance, the dilaton field ψ will relax toward vanish-
ing value as fast as
ψ˙ ≃ −2
3
⇒ ψ(n) ≃ ψini − 2
3
n, (31)
and stays frozen at ψ = 0 afterward, whereas ϕ grows as
ϕ(n) ≃ ϕini + 2
3
n. (32)
From Eq. (29), the matter field χ is expected to slowly
evolve from its initial value provided A2χ¯ ≫ 2, thereby
allowing a period of slow-roll inflation [42]. However,
since the force term involves also the conformal factor
A2, the properties of the inflationary era, as its duration
and end, will be certainly dependent on the evolution of
the moduli fields ϕ and ψ.
In the next section, we will present some analytical
approximations and numerical solutions to the previous
sketch.
B. Inflationary solutions
1. Scale factors acceleration
Since we are dealing with a multiscalar-tensor theory,
it is convenient to clarify the definition of “inflation” in
the cosmological context. The frame where non-gravity
measurements take their usual form is the Jordan frame
where matter is minimally coupled to the metric. For a
given conformal coordinate system, the metric tensor g˜
in the Jordan frame is obtain from the metric tensor g in
the Einstein frame by the conformal transformation
g˜ = A2g ⇒ a˜ = Aa. (33)
5As a result, the acceleration of the scale factor is not
necessarily the same in the Jordan and Einstein frame
and may even take place in one frame only [78]. To solve
the flatness and homogeneity problem, we are interested
in inflationary era in the Jordan frame, i.e. when the first
slow-roll parameter in that frame
ǫ˜ ≡ 1− H˜
′
H˜2 < 1. (34)
From Eq. (33), the conformal Hubble parameter in the
Jordan frame is also
H˜ = H
(
1 + αaF˙a
)
, (35)
where the dot denotes again the derivative with respect
to n, the total number of efold in the Einstein frame.
From Eq. (34), one gets
ǫ˜ =
ǫ+ αaF˙a
1 + αaF˙a
− αaF¨
a + βabF˙aF˙b(
1 + αaF˙a
)2 , (36)
where ǫ is the first slow-roll parameter in the Einstein
frame and βab is the second conformal gradient defined
as
βab ≡ ∂αa
∂Fb . (37)
In our setup, from Eqs. (6) and (7), its only non-vanishing
value is
βψψ =
cr
6
1
cosh2 ψ
, (38)
which rapidly vanishes for non-vanishing values of ψ.
Moreover, in a friction dominated regime F¨a ≃ 0, the
remaining term in Eq. (36) can be significant only at the
time when both βψψ and ψ˙ are non-vanishing, i.e. when
the ψ field leaves the friction dominated regime, where it
was decreasing with constant velocity, to be frozen on the
attractor at ψ = 0. As the result, we can expect ǫ˜ ≃ ǫ
as long as the fields remain in the friction dominated
regimes.
2. Minimal slow-roll approximations
From the Einstein equation (24), the first slow-roll pa-
rameter in the Einstein frame is simply related to the
field velocity by
ǫ =
1
2
σ˙2 =
1
2
A2 ˙¯χ2 +
1
2
cpϕ˙
2 +
1
2
crψ˙
2. (39)
Putting everything together in Eq. (25) yields
¨¯χ = −
(
3− ǫ− cp
3
ϕ˙+
cr
3
ψ˙ tanhψ
)
˙¯χ− 2
A2χ¯
(3− ǫ),
(40)
ϕ¨ = − (3− ǫ) ϕ˙− 1
6
A2 ˙¯χ2 +
2
3
(3− ǫ), (41)
ψ¨ = − (3− ǫ) ψ˙ + A
2 ˙¯χ2
6
tanhψ − 2
3
(3− ǫ) tanhψ. (42)
The friction dominated evolution of the moduli fields
discussed in the previous section is recovered provided
we assume the matter field to be in slow-roll A ˙¯χ≪ 1. In
this limit, Eqs. (41) and (42) admit the solutions
ϕ˙ =
2
3
, ψ˙ = −2
3
, (43)
where it was assumed that ψ > 1. However, note that
ψ = 0 is an exact solution of Eq. (42) and thus, ψ¨ may
be non-vanishing only during less than a few efolds of
transition between ψ ≃ 1 and ψ = 0. Let us point out
that the derivation of Eq. (43) does not require all the
fields to be in slow-roll, and in particular ǫ may not be
small [79]. This is due to the simple form of the conformal
factor we are interested in, whereas in the generic case
a full slow-roll treatment may be required [80, 81]. In
the two regimes ψ > 1 and ψ = 0, the conformal factor
evolves as
A2 ≃ A2inie−Cn, (44)
with C = 2(cr + cp)/9 for ψ > 1, and C = 2cp/9 for
ψ = 0. In both cases, since we are assuming A ˙¯χ≪ 1, we
have ǫ ≃ C [see Eq. (39)]. The moduli are thus driving
two expansion eras with
ǫ ≃ 2
9
(cr + cp) (ψ > 1), ǫ ≃ 2
9
cp (ψ = 0). (45)
In our setup, according to Eq. (6), the first era is not
inflation since ǫ ≃ 4/3 > 1, whereas the second one is
for values of the coupling constant cp < 9/2. Physically,
it means that starting from high values of ψ only gives
rise to a period of non-inflationary expansion where the
moduli ψ relaxes toward ψ = 0, and consequently, the
effective Planck length κeff = Aκ decreases exponentially.
When ψ reaches its attractor, an inflationary era driven
by ϕ can start, which also corresponds to a decreasing
effective Planck length [see Eq. (44)].
In terms of the 5D picture, the fate of the moduli in-
dicates that the two branes move away from each other.
The inflationary phase driven by ϕ occurs once the right
(negative tension) brane becomes close enough to the
bulk singularity. As χ is constant in this regime, the
energy density of the boundary inflaton is constant lead-
ing to a constant detuning of the left brane tension. As
already studied in [41], this leads to an accelerated phase
with an exponential potential and power law inflation.
More details about this power law inflation phase can be
found in Ref. [45].
This picture remains valid provided A ˙¯χ≪ 1 and from
Eqs. (40) and (43) we can check the consistency of this
approximation. From Eq. (44), if χ¯ starts from large
enough values such that Ainiχ¯ini ≫
√
2/ǫ then an ap-
proximate solution of Eq. (40) is
χ¯− χ¯ini ≃ − 2
ǫA2iniχ¯ini
eǫn. (46)
6In this case, we have indeed
A ˙¯χ =
2
Ainiχ¯ini
eǫn/2 ≪ 1, (47)
and the matter field χ¯ remains frozen at its initial value
until ǫA2χ¯2ini ≃ 1, i.e. during approximately
∆n ≃ 1
ǫ
ln
(
A2χ¯2iniǫ
)
(48)
efolds after which Eq. (46) is no longer valid. Then the
field χ¯ starts to evolve and A ˙¯χ increases until ǫ = 1 for
which inflation ends. Nevertheless, the standard slow-roll
approximation can be used to derive the behavior of the
matter field during this last phase. For reasonable small
value of cp, ǫ ends up being dominated by the matter
field evolution [see Eq. (39)] whereas the behavior of the
moduli remains almost the same. Indeed, as can be seen
in Eq. (41), the value of ϕ˙ will be affected up to 10% only
by the matter field when A ˙¯χ ≃ √2, which is also the end
of inflation [see Eq. (39)]. As a result, Eq. (44) is still a
good approximation for the conformal factor, and using
the slow-roll approximation ¨¯χ≪ ˙¯χ in Eq. (40) leads to
χ¯2 ≃ χ¯2sr −
4
A2ini
(
eCn
C
− e
Cnsr
C
)
, (49)
where the “sr” indices label the efold at which ǫ ≃
A2 ˙¯χ2/2. The end of inflation occurs for A2 ˙¯χ2 ≃ 2 which
gives the number of efolds in this last stage
∆nsr ≃ 1
C
ln

1 +
C
4
A2iniχ¯
2
sr
1 +
C
2

 . (50)
Note that in the limit C → 0, we recover the usual one-
field slow-roll expression for a chaotic potential [82]
∆nsr ≃ 1
4
κ2effχ
2
sr −
1
2
, (51)
with κeff = Ainiκ.
3. Numerical approach
A numerical integration of the equations of motion (23)
to (25) has been performed and illustrates the analytical
behavior described in the previous section. In Fig. 1,
the three expansion eras can be distinguished by means
of the ǫ values. For the chosen model parameters, dur-
ing the first ten efolds, the field ψ relaxes towards zero
and its evolution dominates the expansion. As previously
pointed out, this is not an inflationary era in our model.
During this phase, the conformal factor, and thus the
Hubble parameter, decrease exponentially [see Eqs. (11)
and (23)].
Once ψ reaches its minimum, the dynamics are dom-
inated by the second moduli ϕ and ǫ ≃ 2cp/9. Note
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FIG. 1: Typical behaviors of the matter field χ¯ and the two
moduli ϕ and ψ plotted with respect to the total number of
efold. The Hubble parameter in unit of the matter field bare
mass mc, and the conformal factor, as well as the first slow-
roll parameter in Einstein and Jordan frame are shown. As
seen from the ǫ behavior, this is a three stages expansion. The
model parameters are cp = 0.01, cr = 6−cp [see Eq. (6)], while
the initial conditions have been chosen such that ψini = 4.5,
Aini = 1000 and χ¯ini = 5. Moreover, the field velocities have
been chosen to start immediately in the friction dominated
regime, i.e. with F˙a = −V a/V (see also Fig. 3).
that during the transition between these two regimes,
the slow-roll parameter ǫ and ǫ˜, in the Einstein and Jor-
dan frames respectively, do not match, as expected from
Eq. (36). As can be seen on Fig. 1, inflation (in the
Jordan frame) starts a few efolds before ǫ < 1 in the Ein-
stein frame. During the ϕ dominated inflationary era,
the matter field χ¯ leaves its initial value and starts to
slow-roll under the external force −V χ¯/V [see Eq. (29)]
leading to the observed variation of ǫ after n ≃ 100. The
last stage occurs when the inflation is mainly driven by
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FIG. 2: Evolution of the fields for a two stages expansion. The
matter field χ¯ is destabilized as soon as ψ reaches its attractor
ψ = 0. As the evolution of ǫ shows, there is not time for a
pure ϕ dominated inflationary era and we start immediately
in a χ¯ slow-roll dominated inflationary era until ǫ = 1. These
solutions have been obtained for the same model parameters
as in Fig. 1, i.e. cp = 0.01, and for the initial conditions
ψini = 4.5, Aini = 400 and χ¯ini = 2.
χ¯ and we recover a one-field like behavior until ǫ˜ = 1 for
which inflation stops. Note that, as expected from the
analytical study, even in this last regime, the evolution
of the moduli ϕ and ψ is not significantly affected by
the rolling of the matter field. As a result, their second
derivatives remain small and ǫ˜ ≃ ǫ at the end of inflation
(see Fig. 1). The above settings can nevertheless be
affected according to the parameter values and the ini-
tial conditions. Indeed, the matter field χ¯ can leave its
initial value as soon as, or even before, the end of the ψ
domination expansion. In that case, as can be seen in
Fig. 2, there is no time for a pure ϕ dominated inflation
and after a intermediate mixed phase, we jump directly
to the last χ¯ dominated stage.
Concerning the initial conditions, it is important to
mention that we have fixed the initial derivatives of
the fields in such a way that their evolution start in
the friction dominated regime, i.e. with an initial boost
F˙a = −V a/V . In Fig. 3, we have plotted the behavior of
the fields obtained for an arbitrary choice of reasonable
initial velocities, i.e. verifying σ˙2 < 6. As expected, it
takes less than few efolds for the fields to relax toward
their attractor behavior. As previously discussed, during
the relaxation time, the slow-roll parameters in Einstein
and Jordan frame are significantly different.
In order to derive the primordial perturbations pro-
duced in this model and the resulting cosmic microwave
background anisotropies (CMB), it is necessary to as-
sume a cosmological scenario for the background. Mo-
tivated by the brane world picture where the moduli ϕ
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0.001
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FIG. 3: Relaxation toward the friction dominated regime.
The dash and thick curves represent the evolution of the field
velocities (in efold time) and the slow-roll parameter for initial
conditions such that ψini = 0, Aini = 1, χ¯ini = 16, cp = 0.01,
with arbitrary chosen initial field velocities: ˙¯χini = 1, ϕ˙ini =
−0.5 and ψ˙ini = 0.6. The dotted curves are obtained for
the same model parameters and initial field values, but with
initial velocities on the attractor F˙a = −V a/V . As expected,
it takes less than a few efolds for the velocities to relax toward
their friction dominated values. Note the difference between
ǫ˜ and ǫ during the relaxation time.
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FIG. 4: The end of inflation and the beginning of the re-
heating phase where the matter field oscillates. Note the new
slope ϕ˙ ≃ 1/3 coming from the average value of the slow-roll
parameter during that stage [see Eq. (41)]. Since ϕ and ψ are
not dramatically affected by the oscillations, one still have
ǫ˜ ≃ ǫ.
8and ψ are related to the position of the branes in the
five-dimensional spacetime, it is reasonable to consider
that these two fields do not decay and remain present
in the late-time cosmology. As a result, only χ¯ can de-
cay into radiation and dark matter at the end of infla-
tion. In Fig. 4, we have plotted the fields evolution dur-
ing a few efolds after the end of inflation, the matter
field χ¯ ends up oscillating thereby starting a period of
reheating from which the radiation dominated era can
begin [83, 84, 85]. Note that even if inflation can be
driven by ϕ (see Sect. II B), the presence of χ¯ is still re-
quired to end it. The observational consequences coming
from these assumptions will be more detailed in Sect. IV.
In the next section, the linear perturbations arising
during the inflationary eras are discussed, as well as their
primordial power spectra.
III. LINEAR PERTURBATIONS
A. Gravitational and matter sector
In the longitudinal gauge, the scalar perturbations
(with respect to the rotations of the three-dimensional
space) of the FLRW metric can be expressed as
ds2 = a2
[− (1 + 2Φ) dη2 + (1− 2Ψ)γijdxidxj] , (52)
where the indices i and j refer to the spatial coordinates
only, and Φ and Ψ are the Bardeen potentials. In the
sigma-model formalism, denoting by δF the scalar per-
turbations of the fields, the Einstein-Jordan equations
perturbed at first order are
3HΨ′ + (H′ + 2H2)Ψ−∆Ψ = −1
2
ℓabFa′δFb′
− 1
2
(
1
2
ℓab,cFa′Fb′ + a2Vc
)
δFc, (53)
Ψ′ +HΨ = 1
2
ℓabFa′δFb, (54)
Ψ′′ + 3HΨ′ + (H′ + 2H2)Ψ = 1
2
ℓabFa′δFb′
+
1
2
(
1
2
ℓab,cFa′Fb′ − a2Vc
)
δFc, (55)
where the prime stands for the derivative with respect
to the conformal time and use has been made of Φ = Ψ
(perturbed Einstein equation for i 6= j). The Laplacian
reduces to
∆ ≡ δij∂i∂j , (56)
for flat spatial hypersurfaces. The perturbed equations
of motion for the fields stem from Eq. (15) and read
δFc′′ + 2ΥcabFa′δFb′ + 2HδFc′
+
(
Υcab,dFa′Fb′ + a2V cd − ℓcaℓab,d a2V b
)
δFd
−∆δFc = 4Ψ′Fc′ − 2Ψa2V c. (57)
The fact that there is more than one scalar field in-
volved leads to the existence of entropy modes that can
source the adiabatic mode. In the next section, we use
the formalism developed in Refs. [76, 77, 86, 87] to de-
rive the evolution equations of the adiabatic and the two
entropy modes arising in our model.
B. Adiabatic and entropy perturbations
1. Generic decomposition
From Eqs. (53) to (55), up to the background equa-
tions, the evolution of the Bardeen potential simplifies to
Ψ′′ + 6HΨ′ + (2H′ + 4H2)Ψ−∆Ψ = −a2VcδFc. (58)
In terms of the comoving curvature perturbation [88, 89,
90, 91, 92, 93]
ζ ≡ Ψ− HH′ −H2 (Ψ
′ +HΦ) , (59)
Eq. (54) yields
ζ = Ψ+Hδσ
σ′
, (60)
where the adiabatic perturbation δσ is the perturbed ver-
sion of Eq. (26) as well as the resulting perturbation
of all fields projected onto the classical trajectory [see
Eq. (28)]:
δσ =
ℓabFa′δFb
σ′
= ιaδFa. (61)
The dynamical equation (58) also reads
ζ′ =
2H
σ′2
∆Ψ− 2H
σ′2
(
a2VaδFa − a2VcF
c′
σ′
ℓabFa′δFb
σ′
)
,
(62)
which can be recast into
ζ′ =
2H
σ′2
∆Ψ − 2H
σ′2
⊥cd a2VcδFd. (63)
The orthogonal projector is defined by
⊥ab= ℓab − ηab, (64)
where ηab ≡ ιaιb is the first fundamental form of the
one-dimensional manifold defined by the classical tra-
jectory [94]. We recover that the comoving curvature
perturbation on super-Hubble scales (∆Ψ ≃ 0) is only
sourced by the entropy perturbations defined as the pro-
jections of all field perturbations on the field-manifold
subspace orthogonal to the classical trajectory [93].
92. Spherical basis
For the studied boundary inflation model, the sigma-
model manifold is three-dimensional which implies the
existence of two entropy modes living in the two-
dimensional subspace orthogonal to the classical trajec-
tory. The decomposition performed in Refs. [76, 77] is
straightforwardly generalized by choosing a local spheri-
cal basis at each point of the fields trajectory. This can
be performed by introducing the angular fields θ1 and θ2
defined by
cos θ1 ≡ Aχ¯
′
σ′
, sin θ1 ≡ 1
σ′
√
cpϕ′2 + crψ′2, (65)
and
cos θ2 ≡
√
cpϕ
′√
cpϕ′2 + crψ′2
, sin θ2 ≡
√
crψ
′√
cpϕ′2 + crψ′2
,
(66)
provided ϕ′ and ψ′ do not vanish at same times. They
define an instantaneous rotation matrix on the field-
manifold
M =

 cos θ1 sin θ1 cos θ2 sin θ1 sin θ2− sin θ1 cos θ1 cos θ2 cos θ1 sin θ2
0 − sin θ2 cos θ2

 , (67)
which transforms the original fields into the adiabatic
and entropy modes

 δσδs1
δs2

 ≡M

 Aδχ¯c1/2p δϕ
c
1/2
r δψ

 . (68)
The evolution of the angular fields is readily obtained
by differentiating Eqs. (65) and (66) and using the back-
ground equations (19) to (21)
θ′
1
= −a
2V1
σ′
+ σ′ cos θ1
(
αϕ√
cp
cos θ2 +
αψ√
cr
sin θ2
)
,
(69)
sin θ1θ
′
2
= −a
2V2
σ′
− σ′ cos2 θ1
(
αϕ√
cp
sin θ2 − αψ√
cr
cos θ2
)
,
(70)
for θ1 and θ2, respectively. The rotated potential deriva-
tives have been defined through

 VσV1
V2

 ≡M

 Vχ¯/AVϕ/c1/2p
Vψ/c
1/2
r

 . (71)
Note that since we are dealing with non-minimally cou-
pled scalar fields, they are not the partial derivatives of
the potential V with respect to the rotated fields [77],
however Vσ = ι
aVa remains the effective potential which
sources the adiabatic field [see Eq. (27)]. In the spher-
ical basis, we recover explicitly that the entropy modes
only source the comoving curvature perturbation since
in Eq. (63) one has ⊥cd VcδFd = V1δs1 + V2δs2. In order
to compute the primordial power spectra and the cross-
correlation for the different modes, it is convenient to
recast the equations of motion for the original fields in
terms of the rotated modes only [76, 77, 95].
3. Equations of motion
The closed system of dynamical equations for the en-
tropy and adiabatic modes can be obtained by express-
ing the second order derivative of each mode with re-
spect to the conformal time in terms of the others by
means of Eqs. (68) and (71), using Eqs. (19) to (21) as
well as Eqs. (69) and (70) and their derivatives. More-
over, the adiabatic field δσ can be expressed in terms
of the comoving curvature perturbations by means of
Eq. (60), which is a preferred observable for deriving
the subsequent Cosmic Microwave Background (CMB)
anisotropies (see Sect. IV). After straightforward but
tremendous calculations one gets for the first entropy
mode δs1
10
δs′′
1
+ 2Hδs′
1
+
2σ′
tan θ1
(
a2V2
σ′2
+
αϕ√
cp
sin θ2 − αψ√
cr
cos θ2
)
δs′
2
+
[
−∆+ a2Z11 + 11 + 4 cos 2θ1 + cos 4θ1
8 sin2 θ1
a2V2
×
(
− αϕ√
cp
sin θ2 +
αψ√
cr
cos θ2
)
+ sin θ1a
2Vσ
(
αϕ√
cp
cos θ2 +
αψ√
cr
sin θ2
)
− a
4V 2
1
σ′2
− a
4V 2
2
σ′2 tan2 θ1
− σ′2
(
βϕϕ
cp
cos2 θ2 +
βψψ
cr
sin2 θ2 +
βϕψ√
cpcr
sin 2θ2
)
− σ
′2
tan2 θ1
(
− αϕ√
cp
sin θ2 +
αψ√
cr
cos θ2
)2
− σ′2
(
αϕ√
cp
cos θ2 +
αψ√
cr
sin θ2
)2 ]
δs1 +
{
2a2V12 +
(
15− 8 cos 2θ1 + cos 4θ1
4 sin2 θ1
a2V1
+
−9 cos θ1 + cos 3θ1
2 sin θ1
a2Vσ
)(
αϕ√
cp
sin θ2 − αψ√
cr
cos θ2
)
− 2a
2V2
sin θ1 tan θ1
(
αϕ√
cp
cos θ2 +
αψ√
cr
sin θ2
)
+
2a2V2
σ′2
(
a2V1
tan2 θ1
+
3Hσ′ + a2Vσ
tan θ1
)
+
σ′2 cos θ1
tan2 θ1
[(
−α
2
ϕ
cp
+
α2ψ
cr
)
sin 2θ2 +
2αϕαψ√
cpcr
cos 2θ2
]
+ σ′2 cos θ1
[(
βϕϕ
cp
− βψψ
cr
)
sin 2θ2 − 2βϕψ√
cpcr
cos 2θ2
]}
δs2 =
2a2V1
H ζ
′,
(72)
where use has been made of
δσ′ =
2∆Ψ
σ′
+ σ′Ψ+
(
σ′′
σ
−H
)
δσ − 2a
2
σ′
(V1δs1 + V2δs2) , (73)
and, from Eq. (63),
∆Ψ
σ′2
=
ζ′
2H +
a2V1
σ′2
δs1 +
a2V2
σ′2
δs2. (74)
We have also introduced a rotated 2-form quantity (with respect to the field-manifold) from the potential according
to

 Vσσ Vσ1 Vσ2V1σ V11 V12
V2σ V21 V22

=M


Vχ¯χ¯
A2
Vχ¯ϕ
A
√
cp
Vχ¯ψ
A
√
cr
Vϕχ¯
A
√
cp
Vϕϕ
cp
Vϕψ√
cpcr
Vψχ¯
A
√
cr
Vψϕ√
crcp
Vψψ
cr


M−1, (75)
ensuring the symmetry properties
Vσ1 = V1σ, Vσ2 = V2σ, V21 = V12. (76)
Note that the special form of the effective potential in Eq. (11) has been used to perform some simplifications
Vσ1 =
1
cos 2θ1
[
4
(
αϕ√
cp
cos θ2 +
αψ√
cr
sin θ2
)
(− sin θ1V1 + cos θ1Vσ) + sin 2θ1
2
(V11 − Vσσ)
]
, (77)
and
Vσ2 =
1
cos θ1
[
4
(
− αϕ√
cp
sin θ2 +
αψ√
cr
cos θ2
)
(− sin θ1V1 + cos θ1Vσ) + sin θ1V12
]
. (78)
In Eq. (72), it was also convenient to introduce the exact potential derivative
Z11 ≡ ∂V1
∂s1
= V11 + cos θ1 sin θ1
(
αϕ√
cp
cos θ2 +
αψ√
cr
sin θ2
)
(− sin θ1V1 + cos θ1Vσ) . (79)
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Similarly, for the other entropy mode one gets
δs′′
2
+ 2Hδs′
2
− 2σ
′
tan θ1
(
a2V2
σ′2
+
αϕ√
cp
sin θ2 − αψ√
cr
cos θ2
)
δs′
1
+
[
−∆+ a2V22 + 2a
2V2
tan2 θ1
(
− αϕ√
cp
sin θ2
+
αψ√
cr
cos θ2
)
− a
4V 2
2
σ′2 sin2 θ1
− σ′2 cos2 θ1
(
βϕϕ
cp
sin2 θ2 +
βψψ
cr
cos2 θ2 − βϕψ√
cpcr
sin 2θ2
)
− 1 + sin
2 θ1
tan2 θ1
σ′2
(
− αϕ√
cp
sin θ2 +
αψ√
cr
cos θ2
)2 ]
δs2 +
{(−3 + cos 2θ1
sin2 θ1
a2V1 +
4
tan θ1
a2Vσ
)
×
(
αϕ√
cp
sin θ2 − αψ√
cr
cos θ2
)
+
2a2V2
sin θ1 tan θ1
(
αϕ√
cp
cos θ2 +
αψ√
cr
sin θ2
)
− 2a
2V2
σ′2
(
a2V1
sin2 θ1
+
3Hσ′ + a2Vσ
tan θ1
)
− σ
′2
sin θ1 tan θ1
[(
−α
2
ϕ
cp
+
α2ψ
cr
)
sin 2θ2 +
2αϕαψ√
cpcr
cos 2θ2
]}
δs1
=
2a2V2
H ζ
′.
(80)
The equation of motion Eq. (63) for ζ can also be expressed in terms of the entropy modes only by differentiation
ζ′′ − 2
(
H + H
′
H +
a2Vσ
σ′
)
ζ′ −∆ζ = −2H
σ′
(
a2V1
σ′
δs′
1
+
a2V2
σ′
δs′
2
)
− 2H
σ′
{
tan 2θ1
2
(
a2V11 − a2Vσσ
)
−
[
sin θ1
(
sin2 θ1 +
4
cos 2θ1
)
a2V1 + cos θ1
(
cos2 θ1 − 4
cos 2θ1
)
a2Vσ
](
αϕ√
cp
cos θ2 +
αψ√
cr
sin θ2
)
+
cos2 θ1
tan θ1
a2V2
(
− αϕ√
cp
sin θ2 +
αψ√
cr
cos θ2
)
− a
4V 2
2
σ′2 tan θ1
+
a2V1
σ′2
[
a2Vσ + σ
′
(
4H− H
′
H
)]}
δs1
− 2H
σ′
{
tan θ1a
2V12 +
[
(−3 + cos 2θ1)2
2 sin 2θ1
a2V1 +
cos 2θ1 − 7
2
a2Vσ
](
αϕ√
cp
sin θ2 − αψ√
cr
cos θ2
)
+
a2V2
σ′2
(
a2Vσ +
a2V1
tan θ1
+ σ′
(
4H− H
′
H
)]}
δs2.
(81)
In order to set quantum initial conditions during the inflationary eras, it is more convenient to use the Mukhanov
variable [91] Q = σ′ζ/H whose evolution is readily obtained from Eq. (81)
Q′′ + 2HQ′ +
{
−∆+ a2Vσσ −
(
cos 3θ1 − 5 cos θ1
4
a2V1 + cos
2 θ1 sin θ1a
2Vσ
)(
αϕ√
cp
cos θ2 +
αψ√
cr
sin θ2
)
+ a2V2 cos
2 θ1
(
− αϕ√
cp
sin θ2 +
αψ√
cr
cos θ2
)
− a4 V
2
1
+ V 2
2
σ′2
+
a2Vσ
σ′
(
4H− 4H
′
H
)
+ 2
(
H− H
′
H
)
×
(
2H+ H
′
H
)}
Q = −2
(
a2V1
σ′
δs′
1
+
a2V2
σ′
δs′
2
)
− 2
{
tan 2θ1
2
(
a2V11 − a2Vσσ
)
−
[
sin θ1
(
sin2 θ1 +
4
cos 2θ1
)
a2V1 + cos θ1
(
cos2 θ1 − 4
cos 2θ1
)
a2Vσ
](
αϕ√
cp
cos θ2 +
αψ√
cr
sin θ2
)
+
cos2 θ1
tan θ1
a2V2
(
− αϕ√
cp
sin θ2 +
αψ√
cr
cos θ2
)
− a
4V 2
2
σ′2 tan θ1
+
a2V1
σ′2
[
a2Vσ + σ
′
(
4H− H
′
H
)]}
δs1
− 2
{
tan θ1a
2V12 +
[
(−3 + cos 2θ1)2
2 sin 2θ1
a2V1 +
cos 2θ1 − 7
2
a2Vσ
](
αϕ√
cp
sin θ2 − αψ√
cr
cos θ2
)
+
a2V2
σ′2
(
a2Vσ +
a2V1
tan θ1
+ σ′
(
4H− H
′
H
)]}
δs2.
(82)
The equations (72), (80) and (82) form a closed system
of equations. Indeed the source terms involving the co-
moving curvature perturbation ζ in Eqs. (72) and (80)
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can be expressed in terms of Q as
2
a2V
H ζ
′ = 2
a2V
σ′
Q′ + 2
a2V
σ′2
[
a2Vσ + σ
′
(
2H+ H
′
H
)]
Q.
(83)
One can check that Eqs. (72), (81) and (82) match with
the ones obtained for two fields in Refs. [46, 77] for δψ =
ψ = 0, whereas Eq. (80) decouples and admits δs2 = 0 as
a solution, up to transformation θ → π/2− θ1. As shown
in Sect. II, since the dilaton ψ relaxes toward ψ = 0
rapidly, we expect to recover a two field like behavior
also at the perturbation level. In the next sections we
numerically solve the system of equations (72), (80) and
(82) to compute the resulting power spectra at the end
of inflation.
4. Numerical results
For a given background evolution (see Sect. II), and
in the Fourier space with respect to the comoving spa-
tial coordinates, the solutions of Eqs. (72), (81) and (82)
are uniquely determined by the initial values of δs1, δs2,
Q and their first order time derivative. Motivated by
the quantum origin picture of the cosmological perturba-
tions, in the Einstein Frame the scalar and tensor modes
are decoupled and we can treat δs1, δs2 and Q as inde-
pendent stochastic variables deep inside the Hubble ra-
dius [82, 91, 96, 97]. Following the method of Ref. [97],
since we are interested in the two-point correlation func-
tion between the different rotated fields δs1, δs2 andQ (or
ζ), we will consider only the solutions obtained by start-
ing with one mode in the Bunch-Davies vacuum while the
others vanish, and the other mode permutations. In addi-
tion to providing enough information to compute all the
power spectra, they clearly exhibit the sourcing effects
of one field from the others. For numerical convenience,
each Fourier mode k will be assumed to appear at a given
time ηq such that
k
H(ηq) = Cq, (84)
where k is the comoving wave number and Cq a con-
stant verifying Cq ≫ 1 and characterizing the decou-
pling limit [46, 96]. For a Bunch-Davies vacuum, the
value of Cq does not usually change the power spectra,
provided it is big enough to allow free wave solution1.
For µS = a
√
2 k3/2Q (and respectively µS = a
√
2 k3/2δs1,
µS = a
√
2 k3/2δs2), we therefore set at η = ηq [100, 101]
µS = −κk, µ
′
S
k
= iκk. (85)
1 This is no longer true for trans-Planckian initial conditions [98,
99].
In Fig. 5 the numerical solutions of Eqs. (72) to (82)
have been plotted for the same background evolution as
in Fig. 2 and for three different values of the comoving
wave number k with k1 < k2 < k3. In the top frame, the
evolution of the Hubble parameter and the three phys-
ical wavenumbers k/a are plotted as a function of the
number of efold before the end of inflation (“bfold” in
the following). A subtlety occurs however for the “very
large” wavelength modes due to the existence of a non-
inflationary era when the background evolution is domi-
nated by the rolling of the ψ field (see Sect. II and Fig. 2).
Indeed, if the initial conditions in the five-dimensional
setup are such that the initial value of ψ is far from van-
ishing, then there are some perturbation modes which
initially are super-Hubble and for which setting quantum
initial conditions does not make sense. However, since
we are interested in enough efolding to solve the flat-
ness and homogeneity problems, such large wavelength
modes are generically still super-Hubble today and thus
non-observable. On the other hand, one cannot exclude
that for a small number of efold, let’s say 60 for instance,
some of the large wavelength perturbation modes enter-
ing the Hubble radius today may have been created dur-
ing the transition period between the ψ dominated phase
and the inflationary one, as k1 in Fig. 5. Such a mode
starts initially under the Hubble radius, but there is a
maximum value of Cq for which Eq. (84) has not solu-
tion (because ηq would be too small). Our prescription is
to discard the models for which observable perturbation
modes today would have been created on Hubble, super-
Hubble and sub-Hubble scales with Cq < 100 initially.
From the second to the bottom frame in Fig. 5, the evo-
lution of |Q(n−nend)|, |δs1(n−nend)| and |δs2(n−nend)|
are plotted, respectively. The straight, dashed and dot
lines correspond to the three independent initial condi-
tions for the modes, Q in a Bunch-Davies vacuum and
δs1 = δs
′
1
= δs2 = δs
′
2
= 0, δs1 in a Bunch-Davies vac-
uum and Q = Q′ = δs2 = δs
′
2
= 0, . . . , respectively.
Moreover, in each frame we have plotted the three wave-
length modes k1, k2 and k3 from the left to the right.
In Fig. 6, we have plotted the real and imaginary parts
of the comoving curvature perturbation ζ = QH/σ′ for
the mode k1 associated with the Q solution of Fig. 5
and the background evolution of Fig. 2. This plot shows
the transition between the oscillatory behavior when the
mode is under the Hubble radius and its damping on
super-Hubble scales. However, since we are precisely in
a multifields case, even on super-Hubble scales the co-
moving curvature perturbation slightly evolves sourced
by the entropy modes till the end of inflation. Also, the
rapid change in behavior of the Hubble parameter during
the transition between the ψ dominated era and the sub-
sequent inflationary eras induces also a change of slope
in the evolution of all the perturbation modes (see Fig. 5
and Fig. 6 around n− nend ≃ −70). This can be under-
stood by first noting that before the transition, as long as
ǫ > 1, the physical wavelength of the mode goes deeper
into the Hubble radius with time whereas as soon as ǫ < 1
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FIG. 5: Evolution of the adiabatic and entropy perturbations
in bfold time (efold before the end of inflation), for three
wavenumbers k1 < k2 < k3. In the top frame, the Hubble pa-
rameter and the physical wavenumbers k/a are plotted. The
next three frames shows the evolution of each Q, δs1 and
δs2 modes, respectively, obtained from the three independent
initial conditions where only one of the mode is in a Bunch-
Davies vacuum and the others vanish. Only the wavenumber
leaving the Hubble radius close to the background ψ domi-
nated expansion exhibits strong couplings between the adia-
batic and entropy modes. The background model parameters
are the same as in Fig. 2 and we have chosen m¯c = 10
−6.
the wavelength becomes closer and leaves the Hubble ra-
dius. Moreover the amplitude of the sourcing effect of
the entropy modes on the comoving curvature perturba-
tion is enhanced. As can be seen in Fig. 5 and Fig. 6, the
adiabatic mode is mainly produced by the entropy modes
for k = k1 whereas this effect progressively disappears for
the bigger wavenumbers k2 and k3. This comes from the
fact that only the k1 mode evolves and leaves the Hubble
radius in a regime where the ψ field is not yet vanishing
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FIG. 6: Real, imaginary and modulus of the comoving cur-
vature perturbation mode ζ = QH/σ′ = Q/σ˙ corresponding
to the k1 wavenumber, and model parameters, of Fig. 5. The
mode behaves as a free wave under the Hubble radius whereas
it is damped after Hubble exit while sourced by the entropy
perturbations. Note also the change of slope of the modulus
during the background transition between the ψ dominated
expansion and the subsequent inflationary era (see Sect. II).
(see Fig. 2). Note that in Eqs. (72) to (80), the Hub-
ble parameter appears also in the effective potential of
the modes. Its rapid (exponential) evolution during the
relaxation of ψ enhances the coupling between the en-
tropy and adiabatic modes. Also, at the transition, the
background fields are no longer in a stationary regime as
discussed in Sect. II, and especially one expects θ′
1
and θ′
2
to increase and reinforces the coupling between the adi-
abatic and entropy modes. This effect is similar to the
one observed for double-inflation models [97]. For the
modes which evolve out of this stage, the ψ field and its
perturbations are negligible, i.e. θ2 ≃ 0 and the second
entropy mode δs2 decouples and decreases exponentially
[see Eqs. (68), (80) and the bottom frame in Fig. 5]. The
dynamics is close to a two fields like regime where the
friction dominated evolution leads to a weakly coupled
entropy mode δs1 [46, 97]. As can been seen in Fig. 5,
after Hubble exit, for the wavenumbers k2 and k3, the
entropy perturbations δs1 are quasi-frozen as it would be
for a light scalar field.
C. Tensor modes
In the Einstein frame, the scalar and tensor degrees of
freedom are decoupled. Therefore the equation of evolu-
tion for the tensor modes remains the same as in General
Relativity. For a flat perturbed FLRW metric
ds2 = −a2dη2 + a2 (δij + hij) dxidxj , (86)
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FIG. 7: Real, imaginary and modulus of the tensor perturba-
tion mode corresponding to the k2 wavenumber. The Hubble
parameter is also shown and we recover the standard result
|µT/a| ≃ Hk with Hk its value at Hubble exit. Note however
that it takes few more efolds for the mode to remain constant
which means that this approximation is valid only for a slow
varying Hubble parameter (as during the slow-roll stage).
where hij is a traceless and divergenceless tensor
δijhij = δ
ik∂khij = 0, (87)
one gets [91, 102]
h′′ij + 2Hh′ij −∆hij = 0. (88)
This equation can be numerically solved for each po-
larization state h by setting the initial quantum tensor
modes µT = k
3/2ah in the Bunch-Davies vacuum [see
Eq. (85)]. In Fig. 7 their evolution has been plotted
for wavenumber k2 together with the evolution of the
Hubble parameter. As expected for a massless field, the
gravitational waves freeze on super-Hubble scales with
|µT/a| ≃ Hk where Hk is the Hubble parameter at Hub-
ble exit. Note however that the freezing occurs a few
efolds after Hubble exit.
D. Primordial scalar and tensor power spectra
From the scalar and tensor modes evolution obtained
in the previous sections, the primordial power spectra are
readily obtained from the values taken by the adiabatic
and entropy perturbations at the end of inflation. In
the Fourier space and Einstein frame, the scalar power
spectra are computed according to the method used in
Ref. [97], i.e.
Pab = k
3
2π2
∑
m
[νam(k)]
∗ [νbm(k)] , (89)
where the observable perturbation modes νa stands for
ζ, δs1/σ˙ and δs2/σ˙, whereas the index “m” refers to the
three independent quantum initial conditions. The ten-
sor power spectrum reads
Ph(k) = 2k
3
π2
|h(k)|2 , (90)
where the polarization degrees of freedom have been in-
cluded.
In Fig. 8, we have plotted the typical power spectra
associated with the solutions computed in Sect. III B 4.
The adiabatic power spectra Pζ is dominant compared
to the two entropy ones PS1 and PS2 . Furthermore, the
second entropy power spectrum PS2 is strongly damped
and blue tilted compared to PS1 . In fact, this behavior is
expected since the second entropy mode δs2 follows the
ψ evolution during inflation and vanishes exponentially
with the total number of efolds. As a result, the earlier
the δs2 modes cross the Hubble radius, the longer they
sustain an exponential decay. Their power spectrum at
the end of inflation is blue tilted since the smaller scales
are accordingly less damped. However, since the observ-
able perturbation modes are expected to cross the Hub-
ble radius around 60 efolds before the end of inflation,
the entropy power spectrum PS2 cannot be significant at
the end of inflation. In particular, the expected cross-
correlations for k1-like modes discussed in Sect. III B 4
are also washed out by such a damping. They can still
be seen in Fig. 8 as a bump in the cross-correlation power
spectra PζS2 and PS1S2 , but with an extremely small am-
plitude. It is important to recall that the domination of
ψ during inflation has to occur before the last 60 efolds
of inflation since it drives a non-accelerated expansion
in our model. As seen in Sect. II, this comes from the
fact that cr + cp = 6 whereas in a more generic scalar-
tensor model with cr + cp < 9/2 the transition from
ψ-dominated to ϕ-dominated inflation could be in the
observable range and may generate a significant power
spectrum for the second entropy mode [103, 104, 105].
Nevertheless, we will accordingly be focused in the fol-
lowing on the present boundary inflation model where
only the adiabatic, tensor and first entropy modes are of
interest for the CMB [46].
The hierarchy in the power spectra amplitudes can
be qualitatively understood by noting that the entropy
mode δs1 behaves almost like a free massless field for
moderate values of the coupling constant cp. Indeed, as
can be seen in Fig. 5, δs1 is weakly coupled to the adi-
abatic mode and remains almost frozen once it becomes
super-Hubble. Neglecting the sourcing effects from the
adiabatic modes, as well as the variation of the Hubble
parameter during the few efolds after Hubble exit, one
gets at the end of inflation
k3/2 |δs1|end ≃
H¯k√
2
, (91)
where H¯k is the dimensionless Hubble parameter κH
at Hubble exit for each mode of wavenumber k. From
Eqs. (39) and (89), keeping in mind that ǫ ≃ 1 at the
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FIG. 8: Typical power spectra at the end of inflation for the
perturbation modes of Fig. 5 and Fig. 7 which becomes super-
Hubble after nk efolds. The entropy power spectra are sub-
dominant compared to the adiabatic one.
end of inflation, the resulting power spectrum varies as
PS1 ≃
H¯2k
8π2
≃ 1
16
Ph. (92)
Similarly, assuming that the adiabatic mode Q gets mass-
less field-like fluctuations at Hubble exit, in the weakly
coupled regime the comoving curvature perturbation re-
mains constant afterwards and the adiabatic power spec-
trum can be approximated by
Pζ ≃ 1
8π2
H¯2k
ǫk
, (93)
where ǫk is the first slow-roll parameter at Hubble exit.
One can check in Fig. 8 that Eqs. (92) and (93) pro-
vide a good approximation of the relative power spectra
amplitudes. Moreover, these equations show that the
generated power spectra do not depend significantly on
the initial values of the background fields which drive in-
flation. Indeed, as thoroughly discussed in Sect. II, the
fields are rapidly attracted toward a friction dominated
regime during which their evolution does no longer de-
pend on their initial value. Obviously, the initial condi-
tions determine the total number of efolds, but at a given
efold before the end of inflation one may not expect ǫk to
be strongly influenced [see Eq. (39)]. However, the ampli-
tude of the perturbations at Hubble exit directly depends
on the Hubble parameter value which involves both the
bare mass m¯c of the matter field and the conformal fac-
tor A. In order to disentangle their respective effects, it
is more convenient to consider the effective mass of the
matter field at the end of inflation
m¯eff ≡ Aendm¯c = Aendκmc. (94)
In Fig. 9, the slow-roll and Hubble parameters have been
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FIG. 9: Evolution of the first slow-roll parameter ǫ and the
dimensionless Hubble parameter H¯ for different initial values
of the background fields. The ϕ coupling constant has been
set to cp = 0.1 and the effective mass of the matter field at
the end of inflation is m¯eff = 6.2 × 10
−6. The existence of a
friction dominated regime for the background fields leads to
observable power spectra which are insensitive to the initial
values of the background fields.
plotted for several arbitrarily chosen value of Ainiχ¯ini and
ψini, the other parameters cp and m¯eff being fixed. As the
plots show, the last efolds of evolution cannot be differen-
tiated and we have checked by a direct computation that
this is also the case for the corresponding power spectra
at the end of inflation. In fact, the only effects Ainiχ¯ini
and ψini might induce concern the transition at the end
of the ψ-dominated expansion, which is, as explained be-
fore, hardly observable for the CMB.
The remaining degrees of freedom in the power spec-
tra are the effective mass m¯eff and the moduli coupling
constant cp. These parameters are expected to have sig-
nificant observable effects. On one hand, the effective
mass fixes the overall amplitude of the Hubble parame-
ter and is therefore directly related to the amplitude of
the primordial perturbations. On the other hand, the
coupling constant cp encodes how much the conformal
factor may run during the generation of the observable
perturbations. From Eq. (11), such a running renders
the potential steeper and one may expect bigger tilts for
the power spectra.
In Fig. 10, the slow-roll and Hubble parameters have
been plotted for several values of cp, the effective mass at
the end of inflation being fixed. The slopes of these two
functions are effectively steeper for larger values of the
coupling constant and the resulting power spectra may
be qualitatively guessed from (92) and (93). The direct
computations of the power spectra at the end of inflation
have been plotted in Fig. 11 and confirm this behavior.
In order to dress a qualitative understanding of the
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FIG. 10: Evolution of the first slow-roll parameter ǫ and the
dimensionless Hubble parameter H¯ for cp = 0.1, cp = 0.01
and cp = 0.001. The effective matter field mass is m¯eff =
6.2 × 10−6. The running of the conformal factor during the
generation of the observable perturbations leads to more tilted
power spectra (see Fig. 11).
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FIG. 11: Dependence of the power spectra at the end of infla-
tion with respect to the moduli coupling constant cp. Larger
slopes are obtained for higher values of the coupling constant,
as expected from the running of the conformal factor during
the generation of the perturbation modes (see also Fig. 10).
above-mentioned effects, we have compared in Fig. 12
the adiabatic power spectrum generated during a weakly
coupled boundary inflation with cp = 3 × 10−3 with the
one associated with the standard single field chaotic infla-
tion (cp = 0). Moreover, we have plotted the first order
slow-roll approximation of the chaotic model around a
pivot scale k∗. In this limit, the adiabatic power spec-
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FIG. 12: The adiabatic power spectrum at the end of a weakly
coupled boundary inflation compared to the one obtained in
single field chaotic inflation. The dotted line is the first order
slow-roll approximation of the chaotic model spectrum around
the pivot scale k∗. The deviations between the weakly coupled
boundary and chaotic models come from the slight running
of the conformal factor.
trum simplifies to [106]
Pζ =
sr
H¯2
8π2ǫ
[
1− 2 (Csr + 1) ǫ− Csrǫ2 − (2ǫ− ǫ2) ln k
k∗
]
,
(95)
where all the parameters are evaluated at the pivot scale.
The constant Csr ≃ −0.73 and ǫ2 ≡ d ln ǫ/dn is the
second slow-roll parameter. The deviations observed in
Fig. 12 between the slow-roll and single field power spec-
tra come from the natural running of the spectral index
which is not grabbed by the first order slow-roll approxi-
mation. The differences between the chaotic and bound-
ary spectra are due to the slight running of the conformal
factor obtained for cp = 3×10−3. More qualitatively, for
non-vanishing values of the moduli coupling constant, the
effective mass of the matter field is not constant during
the generation of the observable perturbations and in-
duces deviations with respect to a single field model.
As previously pointed, Eqs. (92) and (93) are relevant
only if the modes do not evolve significantly after Hubble
exit. This is obviously the case for the single field model,
but certainly no longer true for high values of the moduli
coupling constant. In Fig. 13, we have plotted the ratio
between the computed power spectra for several values
of cp. Some deviations show up for cp > 0.01 in the ratio
tensor to scalar and in the entropy modes [107, 108].
In the next section, after setting up a toy cosmological
model, we use the above numerical method to derive the
resulting CMB anisotropies and perform a Monte Carlo
Markov Chains exploration of the model parameter space
given the first year WMAP data. As expected from the
behaviour of the primordial power spectra, we find both
the effective mass of the matter field at the end of in-
flation and the moduli coupling constant cp to be con-
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strained.
IV. CMB ANISOTROPIES
A. Cosmological framework
As mentioned in Sect. II, in the brane world picture,
the moduli ψ and ϕ are associated with the position of
the branes in the five-dimensional spacetime while the
field χ lives on the brane supposed to be our universe.
As a result, a natural setup is to consider that the moduli
fields remain in the late-time cosmology and in particu-
lar today whereas the radiation, matter and dark matter
sectors are sourced by the decay of the field χ through a
reheating period [83, 84, 85] (see Fig. 4). In the follow-
ing we consider a toy cosmological background model by
assuming instantaneous reheating [109]. In this respect,
the energy density at the beginning of the radiation era
is completely sourced by the energy density of the matter
field χ at the end of the inflationary period. This allows
an estimation of the scale factor at the end of inflation
ln
a˜end
a˜0
≃ − ln a˜0
a˜eq
+
1
4
ln
ρ˜eq
ρ˜end
, (96)
where the index zero refers to today, “eq” at the equiva-
lence between radiation and matter, and with the energy
density ρ˜end = ρ˜χ.
On the other hand, since we are dealing with a
multiscalar-tensor theory in the late-time cosmology, and
especially today, the evolution of the conformal factor
and its first and second gradients are constrained by var-
ious solar-system, astrophysical and cosmological mea-
surements [52, 53, 54, 55, 56, 57, 59, 60, 61, 62]. As
discussed in Sect. II, the field ψ is rapidly driven toward
zero and we will safely assume in the following that it
is indeed the case during the radiation and matter eras.
From Eq. (7), the only non-vanishing first conformal gra-
dient is αϕ, which remains constant during the cosmolog-
ical evolution. The strongest constraint comes from the
solar system [49, 62]. From the Cassini spacecraft mea-
surements, one gets [110]
ℓabαaαb <
solar
5× 10−7 ⇒ cp <
solar
2× 10−5 . (97)
Note that once ψ = 0, the only non-vanishing second con-
formal gradient βψψ is poorly constrained. This comes
from the fact that the post-Newtonian parameter γpn in-
volves only the combination αaαbβab which vanishes in
that case, whatever the value of cr [50]. The other con-
straints coming from the variation of the “Cavendish”
gravitational constant [111]
κ2cav = κ
2A2(1 + 2ℓabαaαb), (98)
are found to be satisfied once Eq. (97) is. The cosmo-
logical constraints on scalar-tensor gravity are less strin-
gent than the solar-system ones but allow one to probe
the cosmic times. They lead to the two-sigma upper
bound [52, 53, 54, 55, 56, 57, 58, 59, 62, 63]
ℓabαaαb <
cosmo
2× 10−3 ⇒ cp <
cosmo
8× 10−2. (99)
In the following, we are interested in the observable
consequences the previously discussed boundary infla-
tion eras and their resulting primordial power spectra
may have on the CMB. The fact that the χ field de-
cays into radiation, matter and dark matter implies that
there are no observable entropy modes between the pro-
duced cosmological fluids. Of course they are present
between the cosmological fluids and the moduli fields
ψ and ϕ, however we will assume that any back reac-
tion effects on the minimally coupled fluids can be ne-
glected as soon as the theory does not deviate too much
from General Relativity after inflation. As a result, only
the adiabatic and tensor primordial power spectra de-
rived in Sect. III source the observed cosmological per-
turbations. The current cosmological data being sensi-
tive to the tilt and amplitude of the primordial power
spectra [112, 113, 114, 115, 116, 117], one may expect to
probe the model parameters involved. In particular, since
for cp = 0 our model matches with single field chaotic in-
flation, this parameter will be used to analyse whether
the boundary inflation model is favored or excluded by
the data compared to a single field model.
Keeping in mind that the present model has to verify
Eq. (97), we will nevertheless only use a weak late-time
cosmology upper bound cp < 0.2 as a prior in the follow-
ing CMB computations [58, 59]. Indeed, previous deriva-
tions of the CMB anisotropies in scalar-tensor gravity
theory have been focused on the late-time modifications
the non-minimally coupled scalar fields may produce by
assuming standard power law primordial power spectra.
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FIG. 14: Correspondence between the wavenumber today k0
(Mpc−1) and the bfold of Hubble exit. The background model
is the same as in Fig. 8.
The present analysis being precisely concerned with the
primordial stages and the generation of the cosmological
perturbations, it may give a complementary view of the
effect expected on the CMB in scalar-tensor theories.
Under these assumptions, one can approximate κeff ≡
κA ≃ κcav and Eq. (96) can be further simplified
into [109]
ln
a˜end
a˜0
≃ 1
2
ln
(√
2Ω˜rad κeffH˜0
)
− 1
4
ln
2κ4eff ρ˜end
3
, (100)
where a˜0, Ω˜rad and H˜0 are, respectively, the scale factor,
the total density parameter of radiation and the Hubble
parameter today [102]. Note that κ4eff ρ˜end ≃ κ4ρend in
the Einstein frame for small variations of the conformal
factor during the late-time cosmology. From Eq. (100),
we can relate the wavenumber of the observed perturba-
tions today to the corresponding comoving wavenumber
during their primordial generation
k
H = Cc
k0
H¯
a˜0
a˜end
e−(n−nend), (101)
where k0 is the comoving wavenumber today in units
of Mpc−1, H¯ = κH and Cc a conversion unit constant
Cc ≃ exp(−130). In Fig. 14 we have plotted the corre-
spondence between k0 and the bfold of Hubble exit during
inflation for the same model parameters as in Fig. 8, and
with a˜0 = 1.
B. CMB power spectra
In order to compute the multipole moments of the
CMB anisotropies we have used a modified version of
the camb code [69]. From Sect. II and Sect. III,
in addition to the usual cosmological parameters, the
10 100 1000
l
0
1000
2000
3000
4000
5000
6000
l(l
+1
) C
l /
 2
pi
  (µ
Κ)
2
cp= 0
cp= 10
-3
cp= 5.10
-3
cp= 10
-2
FIG. 15: Dependence of the TT power spectra with respect
to the moduli coupling constant cp, at fixed effective matter
field mass m¯eff ≡ Aendm¯c.
CMB anisotropies in the boundary inflation model un-
der scrutiny are characterized by Aini, ψini, and cp for
the non-minimally coupled sector as well as χ¯ini and m¯c
in the matter sector [see Eqs. (6) and (8)]. However the
absolute value of the conformal factorA is non-observable
and can be arbitrarily set at a given time, e.g. Aini = 1.
As a result, it is more convenient to parametrize the
boundary inflation eras in terms of the rescaled param-
eters: Ainiχ¯ini, m¯eff ≡ Aendm¯c = κeffmc, with ψini and
cp unchanged. For given values of these four parame-
ters the background solution is computed and used to
setup the cosmological framework by means of Eqs. (100)
and (101). Then, each observable wavenumber required
in the primordial adiabatic and tensor power spectra is
computed from its corresponding quantum initial state
as presented in Sect. III, and thereby used to derive the
resulting CMB power spectra. According to the discus-
sion in Sect. III D, we do not expect observable effect on
the CMB coming from Ainiχ¯ini and ψini since for a wide
range of values they do not modify the primordial power
spectra. However, these parameters have been kept free
in the following in order not to reject the rare cases for
which the end of the ψ-dominated expansion era would
precisely occur during the generation of the largest ob-
servable perturbation modes. On the other hand, Fig. 15
confirms that varying the moduli coupling constant cp is
not innocuous for the temperature angular power spec-
trum. However, as previously mentioned, the effective
matter field mass m¯eff is also directly involved in the am-
plitude of the primordial power spectra through Eq. (23)
and one may expect a degeneracy between these parame-
ters on their respective CMB influence. In addition, both
cp and m¯eff have been shown to modify the tilts of the
primordial power spectra in Sect. III D.
In the next section, a Monte Carlo Markov Chain
(MCMC) exploration of the cosmological and primor-
dial parameter space if performed by using the first year
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WMAP data. Note that the method we are using relies
on a full numerical scheme which does not involve any
approximation of the primordial power spectra.
C. MCMC exploration
Following the method of Ref. [70], we consider a pa-
rameter space involving a minimal set of cosmological
parameters: the ratio of the sound horizon to the angu-
lar diameter distance θ (related to the reduced Hubble
parameter h), the density parameter of baryons Ωb and
cold dark matter Ωc, the optical depth τ (or the redshift
of reionization zre); as well as our primordial parameters:
Ainiχ¯ini, ψini, cp and m¯eff . Note that the four primordial
parameters fix the overall and relative amplitudes of the
primordial scalar and tensor power spectra. The MCMC
computations have been done by using the cosmomc
code [70] calling the modified camb version based on our
inflationary code, and given the first year WMAP data
and the associated likelihood code [65, 66, 67].
In order to check the relevance of our full numerical ap-
proach, we have first performed a MCMC exploration on
the single field chaotic inflation model which is obtained
by fixing ψini = cp = 0. Indeed, the current constraints
on the cosmological parameters using the WMAP data
usually assume either power law or slow-roll approxi-
mated primordial power spectra [113, 114, 115]. Since
our method goes further it may be interesting to check
its consistency with the current existing bounds. More-
over, the single field chaotic model will be our reference
model to discuss the more complex features associated
with the boundary inflation model.
1. Chaotic model
We have used standard prior distributions for the base
cosmological parameters (see Ref. [70]) whereas wide top
hat priors have been chosen for the chaotic model pa-
rameters: 20 < χ¯ini < 1000, and −10 < log(m¯c) < 0.
The lower limit on the initial matter field value is set in
order to get the right order or magnitude of the mini-
mal total number of efolds required to solve the flatness
and homogeneity problem (≃ 60). In addition, in the
cosmomc code, we have coded a “hard prior” rejecting
any model for which observable perturbations cannot be
initially set in a Bunch-Davies vacuum with Cq = 100:
for the chaotic model this can occur when there is not
enough efolds of inflation [see Eq. (84)]. The higher limit
has been chosen in order to avoid prohibitive computa-
tion time which occurs when the total number of efolding
become very large. The prior on log(m¯c) is chosen to con-
tain the value required to get the right amplitude of the
CMB anisotropies. The obtained posterior probability
distributions for the base and derived cosmological, as
well as the primordial parameters are plotted in Fig. 16
and Fig. 17. They correspond to 50000 samples for which
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The inflaton mass fixes the amplitude of the primordial per-
turbations and is constrained around Grand Unification val-
ues.
the errors on their shape do not exceed 3%. Note that
they do not rely on any slow-roll approximation but only
on the linear perturbation theory and the cosmological
setup of Sect. IVA.
Firstly, the constraints on the base cosmological pa-
rameters are found to be consistent with the current state
of the art [113, 114, 118, 119]. For the chaotic model pa-
rameters, the inflaton mass mc is well constrained, as
expected from a parameter involved in the normalization
of the primordial power spectra, and we find, at 2σ level
20
−5.24 < log(κmc) < −5.18. (102)
As expected, the initial value of the field is found to
be unconstrained. Concerning the overall ability of the
chaotic model to fit the data, the best fit is obtained
with a likelihood of − ln(L) ≃ 714.4 for 1343 degrees of
freedom which render the chaotic model slightly more
favored than its slow-roll approximated version.
In the next section, a MCMC exploration is performed
for the boundary inflation model. Since in the limit cp →
0 this model matches with the chaotic one, the posterior
probability distribution of the coupling constant cp traces
how favored or disfavored the boundary inflation model
is with respect to the single field chaotic model.
2. Boundary inflation model
The full set of primordial parameters is now consid-
ered: Ainiχ¯ini, ψini, cp and m¯eff . Compared to the chaotic
model, there are two additional parameters ψini and cp,
and a rescaled one: m¯eff ≡ Aendκmc. Remember that the
latter no longer refers to the bare mass of the matter field
but to its effective mass at the end of inflation. A flat
prior has been chosen for the moduli coupling constant:
−10 < log(cp) < −0.75. The lower limit corresponds to
the decoupling between the ϕ and χ¯ fields for which the
boundary model is equivalent to single field chaotic in-
flation, whereas the upper limit correspond to the weak
post-inflationary bound above which the moduli influence
the late-time cosmology (see Sect. IVA). Concerning
the ψini values, we have set a conservative top hat prior
0 < ψini < 1 since, according to our Cq = 100 prescrip-
tion, larger values of ψ cannot be observed from the CMB
point of view (see Sect. III B 4). The other priors for the
base cosmological parameters and the effective mass are
the same as for the chaotic model. Their correspond-
ing posterior distributions have been obtained for 160000
samples and are plotted in Fig. 18 and Fig. 19 where the
marginalized distributions obtained for the chaotic model
are also superimposed (red dashed lines).
On one hand, the robustness of the cosmological pa-
rameters with respect to the primordial power spectra is
recovered: there are no significant deviations between
their posterior probability distributions in the chaotic
model and in the boundary inflation model.
On the other hand, we did not find a better fit of
the WMAP data with the boundary inflation primordial
power spectra. More precisely, the best fit has the same
likelihood than the one obtained with the chaotic model:
− ln(L) = 714.4 but now for 1341 degrees of freedom.
Statistically, the boundary inflation model is disfavored
by its additional two parameters which do not help to im-
prove the fit [70, 120, 121]. As expected from the previ-
ous discussions, the initial values of the background fields
Ainiχ¯ini and ψini have not observable effect and are con-
sequently unconstrained by the data. Furthermore, the
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FIG. 18: The 1D marginalized posterior probability distribu-
tions (black solid lines) and the 1D mean likelihoods (dotted
lines) in the boundary inflation model. Only the base cosmo-
logical and primordial parameters are represented, together
with the chaotic model posteriors of Fig. 16 (red dashed line).
These posteriors have been derived under the prior choice
log(cp) < 0.2 for which the moduli do not strongly influence
the late-time cosmology.
log(A
end κ mc)
ψ i
ni
−5.35 −5.3 −5.25 −5.2
0
0.2
0.4
0.6
0.8
1
log(A
end κ mc)
lo
g(c
p)
−5.35 −5.3 −5.25 −5.2
−5
−4.5
−4
−3.5
−3
−2.5
−2
−1.5
−1
FIG. 19: 1σ and 2σ isocontours of the correlated 2D marginal-
ized posterior distributions in the boundary inflation model.
High values of the coupling constant cp lead to bigger tilt in
the primordial power spectra and are strongly cut. The de-
generacy between the effective mass of the matter field and
the moduli coupling constant is seen on the right plot.
marginalised probability distribution of the coupling con-
stant cp in Fig. 18 exhibits a plateau for cp . 10
−3. Since
in the decoupling limit cp → 0 the boundary model iden-
tifies with the single field chaotic model, the existence
of such a plateau shows that the WMAP data are not
sensitive to the deviation induced by the moduli during
inflation as long as cp < 10
−3. As a result, from the data
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point of view, all these inflationary models, boundary
and chaotic, cannot being distinguished in that regime.
However, the rapid decay of the cp marginalised prob-
ability distribution for values larger than 10−2 signals
the sensitivity of the data in this regime, which disfavour
the corresponding boundary inflation models. More pre-
cisely, one obtains the two-sigma level upper bound for
the moduli coupling constant
log(cp) < −1.64 , (103)
which can be recast to an upper limit for the scalar-tensor
conformal gradient
α2 ≡ ℓabαaαb < 6× 10−4, (104)
at 95% confidence level. In terms of the post-Newtonian
parameters more commonly used to constrain scalar-
tensor theories [51], we have
1− γ = 4α
2
1 + 2α2
< 2× 10−3. (105)
In fact, this constraint comes from the effects discussed
in Sect. III D: the tilt of the primordial power spectra
in the boundary model increases with the value of the
the moduli coupling constant due to the running of the
effective matter field mass. Since the WMAP data are
compatible with flat primordial power spectra, it is there-
fore not surprising that they end up constraining devia-
tions from scale-invariance. This effect also explains why
the marginalised probability distribution of the effective
mass m¯eff = Aendm¯c is skewed to lower values. For a
given value of m¯eff , larger values of cp implies a more ef-
ficient running of the conformal factor A during inflation,
and in particular larger values of Am¯c at the time when
the observable perturbations have left the Hubble radius
(see Fig. 11 and Fig. 12). This degeneracy between cp
and m¯eff is clearly seen in Fig. 19: the two-dimensional
marginal probability is distorted in such a way that the
overall amplitude of the primordial perturbations fit with
the one measured by WMAP.
Let us emphasize again that Eq. (104) holds at the
time of inflation and comes only from the shape of the
primordial power spectra. In fact, for a given matter
sector, this bound certainly applies to any inflationary
scalar-tensor models involving a running conformal fac-
tor during the generation of primordial perturbations.
On the contrary, scalar-tensor models exhibiting a relax-
ation mechanism toward General Relativity are expected
to evade this bound: as it is the case for the moduli ψ
in our setup, such scalar gravity fields would reach the
minimum of the potential after only a few efolds of infla-
tion thereby freezing the running of the conformal factor.
In any case, comparing Eq. (104) to the current solar-
system and astrophysical bounds in Eqs. (97) and (99)
shows that scalar-tensor inflation should be considered in
the search of scalar-tensor effects in cosmology.
V. CONCLUSION
In this paper, we have studied the CMB signatures a
minimal realistic boundary inflation model may have in
a (reasonably) restricted parameter space in which the
observable effects come only from the shapes of the pri-
mordial scalar and tensor power spectra.
Firstly, it has been shown that the background evo-
lution involves three different eras corresponding to the
domination of one of the three fields over the others. Ac-
cording to the values of the coupling constants, these
eras may or may not be of inflationary kind. In our
case, one of the moduli field, namely ψ, is associated to
a non-accelerated expansion during which it rapidly re-
laxes toward vanishing values. Once ψ trapped into its
minimum, two smoothly connected inflationary periods
driven by the moduli ϕ and the matter field χ take place
until the matter field oscillates around the minimum of
its potential thereby starting a reheating period.
At the perturbation level, we have discussed the gen-
eration and observability of the primordial cosmologi-
cal perturbations arising during these inflationary eras.
Since the ψ-dominated era precedes the inflationary eras,
this field has not significant observable effects. Moreover,
the existence of an attractor in the background fields evo-
lution during inflation erases any memory of the initial
conditions when one is concerned with the observable
perturbations. As a result, only the effective mass m¯eff of
the matter field and the moduli coupling constant cp end
up being of observable interest for the CMB. The former
encodes the amplitude of the primordial perturbations at
Hubble exit and the latter quantifies the changing rate of
the conformal factor with respect to the evolution of the
moduli ϕ. Moreover, as expected for a multifield system,
there are entropy perturbations which source the adia-
batic modes after Hubble exit. However, for cosmologi-
cally relevant values of the moduli coupling constant cp,
the entropy and adiabatic modes are found to be weakly
coupled and the adiabatic power spectrum dominates at
the end of inflation. Nevertheless, even in this regime, the
running of the conformal factor at Hubble exit has been
shown to significantly increase the tilt of the adiabatic
power spectrum.
We have then assumed a toy cosmological framework
in order to compute the seeded CMB anisotropies. In this
framework, the moduli ψ and ϕ survive in the late-time
cosmology whereas the standard cosmological fluids are
produced by the decay of the matter field χ¯. In order to
study the observable effects stemming from inflation only,
we have focused on values of the moduli coupling con-
stant which do not strongly modify the late-time cosmol-
ogy, namely cp < 0.2. Under this prior choice, we have
computed the induced CMB anisotropies and performed
a MCMC analysis of the parameter space given the first
year WMAP data. The boundary inflation model ap-
pears to be indistinguishable from a single field chaotic
model as long as cp < 10
−3 whereas it is disfavored for
larger values of the coupling constant. Since the overall
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best fit model lies in the cp < 10
−3 region of the param-
eter space, the boundary inflation model is statistically
disfavored compared to a single chaotic model by its two
additional degrees of freedom which do not help to im-
prove the fit. Moreover, the current WMAP data lead to
a 95% marginalized probability bound log(cp) < −1.64
which corresponds to the post-Newtonian Eddington pa-
rameter upper limit 1− γ < 2× 10−3.
The above bound is not competitive with the solar-
system upper limit and remains only slightly stronger
than the late-time cosmological one. However, it holds
at the time of inflation and provides in this respect a
very early constraint to the scalar-tensor models which
would behave during inflation as the boundary model,
but would relax toward General Relativity afterwards. A
word of caution is in order since this constraint certainly
does not apply to all scalar-tensor inflationary models.
Indeed, it essentially relies on the running of the confor-
mal factor during the generation of the primordial per-
turbations, and also depends on the shape of the matter
potential. For example, one may imagine to freeze the
running of the conformal factor by stabilising the moduli
in their bulk potential [see Eq. (5)]. However, in view of
the future more accurate data, this work suggests that a
fully consistent derivation of scalar-tensor theory bounds
in the context of cosmology should involve both an in-
flationary and post-inflationary modelisation of the ex-
pected deviations from General Relativity.
The present work has been focused on the inflation-
ary eras only and for simplicity we have not considered
reheating phenomena that might modify the evolution
of the cosmological perturbations. It could be interest-
ing in future works to quantify these effects in view of the
CMB data. In addition, we have not considered the post-
inflationary scalar-tensor effects. A natural extension of
the current work would be to perform a MCMC explo-
ration on the moduli coupling constants by using simul-
taneously scalar-tensor inflationary and post-inflationary
codes to compute the cosmological perturbations. In par-
ticular, one could quantify the late-time effects of the
entropy perturbations existing generically between the
moduli and the cosmological fluids in such brane world
scenarios.
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